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Abstract 

We treat the almost differentiable left A-loops as images of global 
differentiable sharply transitive sections a : G/H ^ G for a Lie group 
G such that G/H is a reductive homogeneous manifold. In this paper 
we classify all 3-dimensional connected strongly left alternative almost 
differentiable left A-loops L, such that for the corresponding section 
a : G/H —)• G the Lie group G is non-solvable. 


Introduction 

The associative law forces the identity {ab)~^ab = 1 for all elements a and b of 
a group G. For loops which are structures with a binary multiplication having 
up to associativity the same properties as groups this behaviour changes 
radically. This observation led to a broader research of loops L in which the 
mapping x i—)■ [{ab)~^{a{bx))] is an automorphism of L (cf. [3], [2]). These 
loops have been called left A-loops. 

According to [12] we treat the left A-loops L as images of global differen¬ 
tiable sharply transitive sections a : G/H ^ G for a Lie group G such that 
the subset a{G/H) is invariant under the conjugation with the elements of 
H. Here G denotes the group topologically generated by the left translations 
of L and H is the stabilizer of the identity of L in G. Loops given by a 
differentiable section in a Lie group are called almost differentiable. 

For an almost differentiable left A-loop L the tangent space Tia{G/H) 
of the image of a at 1 G G can be provided with a binary and a ternary 
multiplication and yields a Lie triple algebra (cf. [TT], Dehnition 7.1, p. 
173). Since the Lie triple algebras correspond to affine reductive spaces, 
which are essential objects in differential geometry (cf. [13], [S]), there is 
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a strong connection between the theory of differential left A-loops and the 
theory of affine reductive homogeneous spaces (cf. [12] )• In particular the 
theory of connected differentiable Bruck loops (which form a subclass of the 
class of left A-loops) is essentially the theory of affine symmetric spaces (cf. 
Hg, Section 11). 

The smallest dimension for a connected almost differentiable non-associa- 
tive left A-loop is equal 2. There exist precisely two isotopism classes of 2- 
dimensional left A-loops. In the one class there lies only the hyperbolic plane 
loop which is related to the hyperbolic symmetric plane (cf. [T6|, Section 
22). In the other isotopism class we may choose as a representative the 2- 
dimensional Bruck loop L which is realized on the pseudo-euclidean affine 
plane E such that the group topologically generated by its left translations 
is the connected component of the group of pseudo-euclidean motions and 
the elements of L are the lines of positive slope in E (cf. [16], Section 25). 

Our aim in this paper is to classify the 3-dimensional connected almost 
differentiable left A-loops, which have a non-solvable Lie group G as the 
group topologically generated by their left translations and which correspond 
to differentiable sections a : G/H — )• G such that the exponential image of 
the tangent space m = Ti{a{G / H)) is contained in a{G/H). These loops 
are called strongly left alternative almost differentiable left A-loops. 

Using the standard enveloping Lie algebra of a Lie triple algebra one sees 
that G is four. Eve or six dimensional. For the classihcation we determine all 
complements m of the Lie algebra h of iL in the Lie algebra g of G such that 
m generates g and satishes the relation [h, m] C m. The submanifold exp m 
can be extended to a global section if and only if exp m forms a system of 
representatives for the cosets {xH^\ x G G} in G, where = g~^Hg with 
g & G. 

In contrast to a frequent occurance of reductive spaces and hence strongly 
left alternative almost differentiable local left A-loop, which can be repre¬ 
sented as local sections in non-solvable Lie groups, the global loops in this 
class are rare and in strong relation to geometries on 3-dimensional manifolds 
as the following theorem shows. 

Theorem There are precisely two classes Ci {i = 1,2) of connected 
almost differentiable strongly left alternative simple left A-loops L having 
dimension 3 such that the group G generated by the left translations is a 
non-solvable Lie group. 

The class Ci consists of left A-loops having the simple Lie group G = 
PSL2{C) as the group topologically generated by their left translations, and 
the stabilizer H of e E L in G is the group SOsfR). 

Any loop in the class C\ can be represented by a real parameter a G M. For 
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a// a G M the loops La and L_a are isomorphic. These two loops form a full 
isotopism class. The loops a G M are realized on the hyperbolic symmetric 
space Hs such that the group topologically generated by their left translations 
is the connected component of the group of motions of H^. The elements of 
all loops La in C\ are the points of H^, but the sets of left translations differ. 
The hyperbolic space loop Lq, which is the unigue Bruck loop in C\, is defined 
by the multiplication x ■ y = Te^xiu), where is the hyperbolic translation 
moving e onto x. 

The class C 2 of simple left A-loops consists of 3-dimensional connected dif¬ 
ferentiable left A-loops such that the group G = PS'L 2 (M) x where the 
action of PSL 2 {^) on is the adjoint action of PSL 2 {^) on its Lie alge¬ 
bra, is the group topologically generated by the left translations. This group 
is the connected component of the group of pseudo-euclidean motions and the 
stabilizer H of e ^ L in G is the stabilizer of a plane on which the euclidean 
metric is induced. 

The loops in C 2 can be represented by two real parameters a, b and form pre¬ 
cisely two isomorphism classes, which coincide with the isotopism classes. 
The one isomorphism class consists of Bruck loops Lap, a G M, and we may 
choose the pseudo-euclidean space loop Lo,o = Lq as a representative of this 
isomorphism class. As a representative of the other isomorphism class which 
contains the loops La^i, with 6 7 ^ 0 may be chosen the loop Lq i = Li. Any 
loop in the class C 2 is realized on the pseudo-euclidean affine space E{2, 1). 
The elements of these loops are the planes on which the euclidean metric is 
induced but the sets of left translations differ. 

Moreover, the 3-dimensional strongly left alternative almost differentiable 
non-simple left A-loops are either the products of a 1-dimensional Lie group 
with a 2-dimensional left A-loop isomorphic to the hyperbolic plane loop or 
the Scheerer extensions of the Lie group 502(®) by the 2-dimensional left 
A-loop isomorphic to the hyperbolic plane loop and the coverings of these 
Scheerer extensions. 

Another class of almost differentiable loops which has been thoroughly in¬ 
vestigated is the class of differentiable Bol loops. The sections a : G/H ^ G 
of Bol loops are characterized by the fact that for all a,b ^ a{G/H) the 
element aba is also contained in a{G/H). The 3-dimensional almost differ¬ 
entiable Bol loops with non-solvable Lie groups have been classihed in [5]; 
the Lie groups G topologically generated by their left translations as well as 
the corresponding stabilizers H are the same as in the case of 3-dimensional 
almost differentiable left A-loops, but the sections essentially differ. The 
intersection of these two classes are only the Bruck loops and the Scheerer 
extensions of the orthogonal group 502 (M) by the hyperbolic plane loop and 
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the coverings of these Scheerer extensions. 

1. Left A-loops 

1.1 A set L with a binary operation {x,y) ^ x ■ y is called a loop if there 
exists an element e E L such that x = e ■ x = x ■ e holds for all x E L and the 
equations a-y = b and x-a = b have precisely one solution which we denote by 
y = a\b and x = b/a. The left translation \a y ^ a-y ■. L ^ L is a. bijection 
of L for any a E L. Two loops (Li, o) and (L 2 , *) are called isotopic if there 
are three bijections a, /9 ,7 : Li —)■ L 2 such that a{x)*/3{y) = ■j{xoy) holds for 
any x,y E Li. An isotopism is an equivalence relation. If a = /3 = 7 then the 
isotopic loops (Li, o) and (L 2 , *) are called isomorphic. Let (Li, •) and (L 2 , *) 
be two loops. The direct product L = LiX L 2 = {(a, 6 ) \a E Li,b E L 2 } 
with the multiplication (ai, 6 i) o ( 02 , ^ 2 ) = (ai • 02,^1 * ^ 2 ) is again a loop, 
which is called the direct product of Li and L 2 , and the loops (Li, •), (L 2 , *) 
are subloops of (L, o). 

A loop is called a left A-loop if each mapping = X~yXxXy : L —)■ L is an 
automorphism of L. 

Let G be the group generated by the left translations of L and let H be the 
stabilizer of e G L in the group G. The left translations of L form a subset of 
G acting on the cosets {xH] x E G} such that for any given cosets aH and 
bH there exists precisely one left translation with X^aH = bH. 
Conversely let G be a group, H be a subgroup containing no normal non¬ 
trivial subgroup of G and a : G/H G he a section with a(iL) = 1 G G 
such that the set a{G/H) of representatives for the left cosets {xH^x E G} 
and acts sharply transitively on the space G/H ol {xH,x E G} (cf. [TB] , 
p. 18). Such a section we call a sharply transitive section. Then the mul¬ 
tiplication defined by xH * yH = a{xH)yH on the factor space G/H or by 
X * y = a{xyH) on a{G/H) yields a loop L{a). The group G is isomorphic 
to the group generated by the left translations of L{a). 

If G is a Lie group and cr is a differentiable section satisfying the above con¬ 
ditions then the loop L{a) is almost differentiable. This loop is a left A-loop 
if and only if the subset a{G/H) is invariant under the conjugation with the 
elements of H. 

Let Li be a loop defined on the factor space Gi/Hi with respect to a section 
cTi : Gi/iLi —)■ Gi the image of which is the set Mi C Gi. Let G 2 be a group 
let : Ml —)■ G 2 be a homomorphism and (Mi, ip{Hi)) = {(x, ip{x));x E Mi}. 
A loop L is called a Scheerer extension of G 2 by Li if the loop L is de¬ 
fined on the factor space (Gi x G 2 )/(Mi, (p(Mi)) with respect to the section 
a : (Gi X G 2 )/(Mi, (p(Mi)) ^ Gi x G 2 the image of which is the set Mi x G 2 . 
The loops Li and L 2 having the same group G of the group generated by 
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the left translations and the same stabilizer if of e G Li, L 2 are isomorphic if 
there is an antomorphism of G leaving H invariant and mapping the section 
ai{G/H) onto the section a 2 {G/H). Moreover let L and L' be loops having 
the same gronp G generated by their left translations. Then L and L' are 
isotopic if and only if there is a loop L" isomorphic to L' having G again as 
the gronp generated by its left translations snch that there exists an inner 
antomorphism r of G mapping the section a"{G/H) belonging to L" onto 
the section a{G/H) corresponding to L (cf. [16], Theorem 1.11. pp. 21-22). 
If L is a connected almost differentiable left A-loop, then the gronp G topo¬ 
logically generated by the left translations of L within the gronp of anto- 
homeomorphisms is a connected Lie gronp (cf. [15]; [16], Proposition 5.20. 
p. 75), and we may describe L by a differentiable section. 

Let L be a connected almost differentiable left A-loop. Let G be the Lie 
gronp topologically generated by the left translations of L, and let (g, [.,.]) 
be the Lie algebra of G. Denote by h the Lie algebra of the stabilizer H of the 
identity e G L in G and by m = Tia{G/H) the tangent space at 1 G G of the 
image of the section a : G/H —)■ G corresponding to L. Then m generates g 
and the homogeneons space G/H is rednctive, i.e. we have g = m © h and 
[h, m] C m. (cf. [I3] Vol II, p. 190; [IS], Proposition 5.20. p. 75) The snb- 
space m with the operations X -Y := [X, Y]^ and [X, Y, Z] := [[X, F]h, Z] 
yields a Lie triple algebra m. Dehnition 7.1, p. 173). \i X - Y = 0 for all 
A, y G m then m is a Lie triple system. In this case the factor space G/H 
is an affine symmetric space ([S]) and the corresponding loop L is called a 
Brnck loop. The Lie algebra g of G is isomorphic to the standard enveloping 
Lie algebra of the Lie triple algebra m generating g. If the dimension of m 
is n then g has dimension at most n{n + l)/2. 

In this paper we investigate strongly left alternative (cf. [TS], Definition 5.3, 
p. 67) almost differentiable left A-loops L of dimension 3; these loops satisfy 
exp[Ti(j(L)] C cr{L) ([IS], Proposition 5.5 p. 68). Hence every global left 
A-loop contains an exponential image of a complement m of the Lie algebra 
h of 77 in the Lie algebra g of G, snch that m generates g and satishes the 
relation [h, m] C m. 

In this paper we often compnte the images of snbspaces m of the Lie algebras 
5 / 2 ( 1 ^), 5/2 (C), sm 2 (C) nnder the exponential map. 

1.2 The exponential fnnction of the Lie algebras 5 / 2 ( 1 ^), s/ 2 (C), sm 2 (C). 

The exponential map exp : g —G is defined in the following way: For X G g 
we have exp X = 7x(l), where 7x(^) is the 1-parameter snbgronp of G with 
the property J^L_n7x(^) = X. The matrices 
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form a real basis of 5/2 (IR)- The Lie algebra multiplication is given by the 
rules: 

[K, T] = 2U, [K, U] = 2T, [U, T] = 2K . 

The normalized Cartan-Killing form k : 5 / 2 ( 1 ^) X 5 / 2 ( 1 ^) —>■ ffi of s/ 2 (M) is the 

bilinear form defined by k{X,Y) = -trace(adX adY). 

8 

If X G 5^2 (IR) has the decomposition 

X = Ai X + A 2 T + A 3 17 
then the Cartan-Killing form k satisfies 

k{X) = \l + \l- \l 

According to [9] for the exponential function exp : 5 / 2 (R) —t SL 2 {M.) we have 
exp X = ^(^(X)) / + S{k{X)) X. 


Here is 

^ cosh -v/T for 0 < x, n—r ri! \ sinh Jl: for 0 < x, 
C(x) = A— r „ V X 5(x) = . A— r „ 

cos \/—x for U > X, '' sm Y—x for U > x. 

As a natural generalization of this formula we obtain the explicite form for 

the exponential function of sl 2 {C). Representing the Lie algebra g = sl 2 {C) 

as complex (2 x 2)-matrices we may choose as basis {K,T,U,iK,iT,iU}, 

where X, T, U are the basis elements of s/ 2 (M) (see in 1.2). 

The normalized complex Cartan-Killing form kc '■ sl 2 {C) x sl 2 {C) —)■ C of 

s/ 2 (C) is the bilinear form dehned by: kc{X,Y) = -trace(adX adK). If 

8 

X G 5/2 (C) has the decomposition 

X = Ai X + A 2 T + As f/ + A 4 iX + As iT + Ae il7 
then the complex Cartan-Killing form k^ satisfies 

kciX) = Xl + Xl + Xj - Xl - XI - Xl + i {2 A 1 A 4 + 2 A 2 A 5 - 2 AsAg) 

(cf. [6], Section 1, pp. 1-3). The normalized real Cartan-Killing form /cr : 
sl 2 {C) X sl 2 {C) —?■ M is the restriction of kc to M such that 
k^ix) = Xl + Xl + Xl-Xl-Xl- XI 
For the exponential function exp : s/ 2 (C) —?• SL 2 {C) one has 


exp X = C{kc{X)) I + S{kc{X)) X, 


where C{z) = cosh and S{z) 


sinh yT 


zeC. 


The group SU 2 {C) is the 3-dimensional compact subgroup of SL 2 {C), which 
can be represented by (2 x 2)-complex matrices of the form: 

; a, b E C, ad + bb = . 

Therefore the Lie algebra g = SU 2 (C) is generated by the basis elements U, 
iK, iT. The restriction of the formula for the exponential function of sl2{C) 
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to sm 2 (C) gives the formula for exp : sm 2 (C) —)■ SU 2 {C). 

1.3 Now we study which pairs {G, H) of Lie groups can admit differentiable 
sections a \ G/H ^ G corresponding to 3-dimensional almost differentiable 
left A-loops. 

We start with a well known fact from linear algebra: 

Lemma 1. //g = a©b with a 3-dimensional subspace a and the dimension 
of g is 4 or 5 then m n a is at least 2 respectively 1-dimensional for any 
3-dimensional subspace m. 

The next fact is proved in |S], Lemma 3. 

Lemma 2. Let L be an almost differentiable global loop and denote by m the 
tangent space ofTia{G/H), where a : G/H G is the section corresponding 
to L. Then m does not contain any element of Adg-ih = ghg~^ for some 
g E G. Moreover every element of G can be uniguely written as a product of 
an element of a{G/H) with an element of H. 

Since a 1-dimensional almost differentiable left A-loop is a group an analogue 
of Proposition 1 in [5] is the following 

Proposition 3. Let L be a loop and let G be the group generated by the left 
translations of L, and denote by H the stabilizer of e E L in G. If G and H 
are direct products G = Gi x G 2 and H = Hi x H 2 with <Z Gi {i = 1, 2) 
then L is the product of two loops Li and L 2 , and Li is isomorphic to a loop 
L* having Gi as the group generated by the left translations of L* and Hi as 
the corresponding stabilizer subgroup (i = 1,2). 

In particular there exists no 3-dimensional left A-loop L such that L is the 
product of a 1-dimensional and a 2-dimensional left A-loop and L has a 5- 
or Q-dimensional Lie group as the group topologically generated by its left 
translations. 

Lemma 4. Let g = gi©g 2 be the Lie algebra of the Lie group G = GiX G 2 , 
such that G is the group topologically generated by the left translations of a 
3-dimensional almost differentiable left A-loop L. Let m be the tangent space 
of the manifold A of the left translations of L at 1 E G. Denote by h the Lie 
algebra of the stabilizer H of e E L in G and let tt* : g — )■ gj, i = 1, 2 be the 
natural projection of g onto g*. We assume that gi is isomorphic to s/ 2 (R) 
and dim vri(h) = 2. Then: 

(i) dim 7ri(m) = 3. 

(ii) If dim 7r2(m) > 2 then the Lie algebra h has the form 

h = {{x,ip{x))\x E 7ri(h)}, 
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with an isomorphism (p : 7 ri(h) 7 r 2 (h). Moreover, one has dim 7 r 2 (m) = 2 
and dim g = 5. 

Proof, (i) We have dim 7 ri(m) > 2 since otherwise the set A would not 
generate G. If dim 7 ri(h) = 2 then we may assume that 7 ri(h) is generated 
by the elements K,U + T of the Lie algebra s/ 2 (M) (see 1.2 in section 1). 
If 7 ri(m) were 2-dimensional then it has one of the following forms (up to 
conjugation) 

a) 7 ri(m) = ifj + a^K + a 2 {U + T),K + b,K + b 2 {U + T)), 

b) 7 ri(m) = {U+ aiK+ a 2 {U+ T),T + b,K+ b 2 {U+ T)), 

c) 7 ri(m) = {T+aiK+a 2 {U+T), K+biK+b 2 {U +T)), where Oi, 02 , &i, &2 ^ 1^- 
One has 

(*) 7ri([h, m]) = [7ri(h),7ri(m)] C 7ri(m). 

In the case a) the element 

[K, U + aiK + a 2 {U + T)] = 2T + 2a2{U + T) 
is contained in 7 ri(m) if and only if oi = 0, 02 = —Moreover the element 
\U + T,U — T] = —AK is contained in 7ri(m) precisely if 62 = 0 and 61 7 ^ —1. 
But then 7ri(m) = {{1 + bi)K,U — T) is a subalgebra of gi. 

In the case b) the element 

[U + T,U + aiK + a2{U + T)] = 2K + 2ai{U + T) 
is not contained in 7 ri(m), this is a contradiction to (*). 

In the case c) we obtain the same contradiction in the same way as in the 
case a). Therefore is dim 7 ri(m) = 3. 

(ii) If dim 7 r 2 (h) = 3 then one has 7 r 2 (li) = g 2 and h 0 (0, g 2 ) 7 ^ (0, 0). Then 
there exists a homomorphism fd : 7 r 2 (h) —)■ 7 ri(h) such that h fl ( 0 , g 2 ) = 
/9“^(0). This is a contradiction since h does not contain non-trivial ideal of 

g- 

Since m C 7 ri(m) x 7 r 2 (m) and according (i) dim 7 ri(m) = 3 there is a lin¬ 
ear mapping a : 7 ri(m) —)■ 7 r 2 (m) such that a is a linear isomorphism if 
dim 7 r 2 (m) = 3 and dim q;“^( 0) = 1 for dim 7 r 2 (m) = 2. 

If dim 7 r 2 (h) < 2 and (ii) does not hold then there is a homomorphism 
7 ; 7 ri(h) —)■ 7 r 2 (h) with 0 7 ^ S' = Ker 7 . If dim S = 2 then we have 
7 ri(h) = S and the Proposition 3 gives a contradiction. Hence dim S' = 1. 
Then (S', 0) = h fl ( 7 ri(m), 0) = h fl (gi, 0) and (S', 0) = {{U + T, 0)) is a 
1 -dimensional subalgebra of h. 

First we treat the case that dim 7 r 2 (m) = 3. Then one has mn(gi, 0) = (0, 0) 
and 7 r 2 (m 2 ) = g 2 . Then there is an element m 2 G 7 r 2 (m) such that 
[(r {U + T),0), (a(m 2 ),m 2 )] = ([r {U + T), ^(ma)], 0) ^ (0,0), 
where r G M. This is a contradiction. 

Now we assume dim 7 r 2 (m) = 2. Then we have m fl (gi, 0) = (S", 0), where 
S" = q;“^( 0). Since 



[h, m n (gi, 0)] = [{hi, h 2 ), (mi, 0)] = {[hi, mi], 0) C m fl (gi, 0) 
with {hi,h 2 ) G h and (mi,0) G m it follows that vri(h) normalizes S' and 
therefore {S', 0) = {{U + T, 0)) = {S, 0), which is a contradiction. □ 


Proposition 5. Let G = GiX G 2 he the group topologically generated by the 
left translations of a 3-dimensional connected almost differentiable proper 
left A-loop L. Let the group Gi he locally isomorphic either to S' 03 (M) or to 
PSL 2 {M). Then for the pair {G, H), where H is the stabilizer of e E L in G, 
one of the following cases occurs: 

1) L is the product of the hyperbolic plane loop with a 1-dimensional Lie 
group and H = S'02(M) x {!}. 

2) G is isomorphic to PSL 2 {M) x R and H = {(x, (^(x))} 

1,1 b 

a monomorphism from the 1-dimensional subgroup 


0 1 


where tp is 
,fe G ] 


or 


from 


a 0 
0 a 

3) G = PSL 2 

4) G = PSL 2 


-1 


, a > 0 ^ of PSL 2 


onto 


X S'02(®) such that H = {(x,x"')|x G SO 2 
X PSL 2 {M) and H has the form 
H = {(x,x) I X G PSL 2 {R)}. 


,n eN}. 


Proof. First we assume that dim G = 6. If Gi is locally isomorphic to 
PS'L 2 (R) then it follows from Lemma 4 and from the proof of Proposition 4 
in ^ that we are in the case 4). If Gi is locally isomorphic to SOs{Wj then 
it is easy to see that G 2 is also locally isomorphic to S' 03 (R) and we may 
assume that PI = {(x,x) | x G Gi}. This case is excluded by Proposition 
16.11 in [ig (p. 205). 

Now we suppose that dim G = 5. We may assume that dim 7ri(h) = 2 
since otherwise H would be a direct product H = Hi x H2 which contradicts 
Proposition 3. Now it follows from Lemma 4 that 

H = {(x,93(x))|x G vri(P)}, 

where ni{H) is isomorphic to the group £2 = t na: + 6; a > 0, 6 G R} 

and (p : 7 Ti{H) —)■ 'K 2 {H) is an isomorphism. A real basis of the Lie algebra 

g = sl2(R) © £2 is 

g=((A:,0), (T,0), (f/,0), (0,ei), ( 0 , 62 )), 
where K,T and U are the basis elements of 5/2 (R) (see 1.2) and 61,62 are 
the basis elements of £2 with the rule [(0, 61 ), (0, 62 )] = —( 0 , 62 ). The Lie 
algebra h of Lf is given by 

h=((iF, 6 i),(G + T, 62 )). 

An arbitrary complement m to h in g has as generators 

11 = {U + ttiK + a2{U + T), ai6i + 0202 ), 

1 2 — {biK + b2{U + T), 61 + 5i6i + 6262 ), 

h = (ciA" + C2{U + T), 62 + 6161 + C 262 ), 
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where Oi, 02 , &i, & 2 , Ci, C 2 G M. Since one has dim m fl (s/ 2 (ffi) © {0}) > 1 and 
the relation [h, m] C m holds we obtain that G cannot have dimension 5. 
Finally let dim G = 4. Then dim H = 1. First we assume that Gi is lo¬ 
cally isomorphic to PS'L 2 (M). If = 1 according to Proposition 3 and 

Theorem 27.1, Theorem 18.14 in [16] one has H = S' 02 (M) x {1} and L is a 
product of the hyperbolic plane loop with a 1-dimensional Lie group. This 
is the case 1 ). 

Let now n 2 {H) ^ 1. If G 2 is isomorphic to M then H = {{if[x),x) \ x G M}, 
where is a mono morphism onto Gi. The inverse of (p is again a monomor¬ 
phism. Since the group PSL 2 {M.) has precisely 2 conjugacy classes of 1- 
dimensional subgroups isomorphic to M we obtain the cases 2). If G 2 is 
isomorphic to S' 02 (M) then we may assume that 

H = {{x,x^)\x G 502(M),n G N}. 

It remains to consider a group G locally isomorphic to S' 03 (M) x S' 02 (M). 
Since H does not contain any non-trivial normal subgroup the group G is 
isomorphic to S' 03 (M) x S'( 92 (M) and H has one of the following forms: 

P' = {iFx{0}}, or H = {{k,ip{k))\keK}, 
where K is isomorphic to S'( 92 (M) and (p is a non-trivial homomorphism. 
Since in the hrst case the factor space G/iL' is a topological product of spaces 
having as a factor the 2 -sphere or the projective plane we have to consider 
only the second case ([IS], Theorem 19.1, p. 249). 

The Lie algebra g of G can be represented as sm 2 (C) ©M. Then as a basis of 
g may be chosen the following elements f (iF, 0), (f/, 0), z(T, 0), (0, ei), where 
iK, U,iT is the real basis of sm 2 (C) which is introduced in 1.2 and ei is the 
basis element of M. Moreover the Lie group H has one of the following shapes 
Hn = {{x,x'^)\x G S' 02 (M),n G N} and for the Lie algebra h of Hn has the 
form h = {{U, Ci)). An arbitrary complement m to the Lie algebra h of Hn 
in g has the shape: 

m = {{iK + ai U, ai ei), {iT + 02 U, 02 ei), (03 U, ei + 03 ei)), 

where Oi, 02 , 03 G M. From Lemma 1 and from the property [h, m] C m we 
obtain that the unique reductive complement m generating g has the form 
m = {i{K, 0), f (T, 0), (a G, ei + a ei)), 

where a G M\{-1}. 

For a > —- and the basis element {U, Ci) G h one has 

Adg{U,ei) = -2kl{iT,0) + {j^U,ei) G iria 

with g = ^ ^ g ^ ^ G G, such that k‘^ — P = and 

k"^ + P = 1. This contradicts Lemma 2. 

For a < — I the vectors 
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and 


X^=[IU + ^niK, 


6a 


ei 


Y _ f 7r(l+a) jr TTil+af 

^ y6(l+a—na) ’ 6a(l+a—na) ^ 

are contained in iria. According to 1.2 we get 


expXi = ±1, 


7r(H-a) • 7r(H-a) 

COS —- sin ^ 

6a ^ 6a ^ 

• 7r(H-a) 7r(H-a) 

— Sin —- cos —- 


6a 


6a 


expX2 = ± 


cos I sin I 
— sin I cos I 


Z(l+a) • Z(H-a) 
COS —- sin —- 

, o. . , 

• Z(l+a) Z(H-a) 

— Sin —- cos —- 


where I = ±/ is the identity of SO, 


9=\±I, 


cos 


7r(l+a) 


Sin 


For the element 

7r(l+a) 


one has 
with 


6a 6a 

• 7r(l+a) 7r(l+a) 

Sin —- cos —- 

oa oa 

g = exp Xi = exp X 2 ■ h 


G G 


h= ± 


cos I — sin I 
sinZ cos I ' ’ 

This is again a contradiction to Lemma 2. Therefore there is no global section 
a : G/Hn —)■ G satisfying expiria C a{G/Hn). □ 


cos nl — sin nl 
sin nl cos nl 


Corollary 6. There is no global left A-loop L homeomorphic to the compact 
space or . 


Proof. The group G topologically generated by the left translations of an 
almost differentiable proper left A-loop L homeomorphic to acts transi¬ 
tively on L. According to 96.16 in HZI any maximal compact subgroup of G 
acts also transitively on S^. Since a transitive compact subgroup of G is a 
non-solvable subgroup of S' 04 (M) (96.20 in [T^) the group G is non-solvable. 
According to Proposition 16.11 in [16] and Proposition 5 there is no almost 
differentiable left A-loop homeomorphic to or P^ having a non-solvable 
Lie group as the group topologically generated by its left translations. □ 


2. Left A-loops as sections in semisimple Lie groups 


In this section we classify all 3-dimensional connected strongly left alterna¬ 
tive almost differentiable left A-loops L having a semisimple Lie group G as 
the group topologically generated by its left translations and describe the 
reductive spaces and natural geometries associated with them. 

It follows from Lemma 4 and Proposition 5 that the group G must be locally 
isomorphic either to PSL 2 {C) or to PSL 2 {M.) x PSL 2 {^). In the second case 
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we may assume that the stabilizer if of e G L in G is locally isomorphic to 
{{x,x)]x G PSL 2 (R)}. 

Lemma 7. For all X G M\{0,1} there is a reductive complement 

mA = {(X, AX)|X G skiR)} 

to the Lie algebra h = {(X, X); X G 5 / 2 ( 1 ^)} of H in g = s/ 2 (M) © s/ 2 (M). 

Proof. Let K,U and T be the real basis of 5 / 2 ( 1 ^) induced in 1.2. In this 
case a 3-dimensional complement m C g has the shape 

{(X,(p(X))|Xgs/2(M)}, 

where ip : s/ 2 (R) —t 5 / 2 ( 1 ^) is a linear map. From the relation [h, m] C m we 
obtain the assertion. □ 

Proposition 8. There is no global sharply transitive section a : GjH —)■ G 
satisfying the relation a{G/H) = expm = {(expX, (expX)'^);X G s/2(®)}, 
where expX 1 —)■ (expX)^ : PSL 2 {R) —)■ PSL 2 {R) is a mapping. 

Proof. Let Sx = {exptX;t G M} be a 1-parameter subgroup of PSL 2 (R) 
isomorphic to S'02(M). For all x,y G Sx is satished (xy)^ = x^y^ and 
{Sx, Sx) n H = {(1,1)}- Hence the mapping x —)■ x^~^ is an automorphism 
of Sx- The only non-trivial automorphism of Sx is the mapping x 1 —)■ x~^. 
Therefore the automorphism x 1 —)■ x^~^ must be the identity map and we 

f - -9 \ 

and a ;2 = ( Q 2 j have 
{xi,x}) = {RG){U,,D-^U,D), 

where 7?=^^ ^ jj. = DxjD~^. This means 

that the coset {R, 1)H^ of the conjugate subgroup of H contains two dif¬ 
ferent elements {xi,xj) of a{G/H) {i = 1,2). Hence we have a contradiction 
to Proposition 1.6. in [16] (p. 19). □ 

Lemma 9. If the group G locally isomorphic to PSL 2 {C) is the group topo¬ 
logically generated by the left translations of a 3-dimensional almost differ¬ 
entiable left A-loop, then G is isomorphic to PSL 2 {C) and H is isomorphic 
to ^ 03 (M). 

Proof. According to n (pp- 273-278) there are 4 conjugacy classes of the 
3-dimensional subgroups of G = SL 2 {C), which are denoted in [1] by Wr, Uq, 
Ui and SU 2 {C). Since the factor spaces SL 2 {C)/Ui and PSL 2 {C)/{Ui/Z 2 ) for 
i = 0,1 are homeomorphic to the topological direct product having as a factor 
the 2-sphere or the projective plane respectively there is no differentiable loop 
realized on these factor spaces (cf. [5], Proposition 2). 

Let now H be locally isomorphic one of the subgroups Wr or HA.Z 2 /Z 12 , where 


have A = 2. For xi = 


0 


1 

2 

0 2 
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for r G M. 


Wr = 


; X G R, z G C 


exp((ri — l)a;) 0 

z exp( —(ri — l)a:) 

The Lie algebra h = of the stabilizer Wr has following basis elements: 
{riK - K,iT-iU,U-T} re M. 

A complement m to h in g contains a basis element K + f{K) or iK + f{iK), 
where / : m —)■ h is a linear map. Since the element 

[U-T,K + fiK)] = [U-T,K] + [U- T, /{K)] = 

2U -2T +[U -TJ{K)] 

is an element of the intersection h fl m = {0}, we have [U — T,f{K)] = 
2T — 2U. This is the case precisely if f{K) = —K but then f{K) is not an 
element of h. This is a contradiction. We obtain the same contradiction if 
iK + f{iK) e m. 

Since SU 2 {C) contains central elements 7 ^ 1 of SL 2 {C) the assertion follows. 

□ 


Lemma 10. For all a eR there is a reductive complement 
m = (T + aiT, ill — all, K + aiK) 
to h = so 3 (M) generating g = sl 2 (C). 

Proof. According to 1.2 let {K, T, U, iK, iT, if/} be a real basis of g = sl 2 {C). 
The Lie algebra h of the stabilizer H = S'( 93 (M) has the form h = {U, iT, iK). 
An arbitrary component m to h has the shape 

m = (r + at/+b iT + c iK,iU+dU+e iT+f iK,K+gU+h iT+k iK), where 
a, b, c, d, e, f, g,h,k e M. The property [h, m] C m gives the assertion. □ 

Now we determine the isomorphism classes and the isotopism classes of the 
loops La, a eR belonging to the complements m^. Two loops corresponding 
to {G, H, exp ma) and {G, H, exp m^) are isomorphic if and only if there exists 
an automorphism a of g such that a(ma) = m^ and Q;(h) = h. The auto¬ 
morphism group of g leaving mo and h invariant is the semidirect product 
0 of Ad/f and the group generated by the involutory map ip : z i-e- z. Since 
m is a reductive subspace the condition a(ma) = m?,, a G 0, is equivalent 
to V 3 (ma) = m;,. This identity is satished if and only if fe = —a. Therefore 
a full isomorphism class consists of the loops La and L_a {a G M) and we 
may choose as representatives of these isomorphism classes the left A-loops 
La, a > 0. Since there is no 5 ^ G G such that g~^'mag = m^ for two different 
real numbers a, b the isotopism classes and the isomorphism classes of the 
left A-loops La,a eR are the same. 

The complement mg = {T,iU,K) satisfies [mg, mg] = h, and g = mg © 
[mg, mg]. Hence it determines a 3-dimensional connected Riemannian sym¬ 
metric space (cf. [I3], Chapter VI, Theorem 2.2 (hi)) and the loop Lg corre¬ 
sponding to the complement mg is a Bruck loop. According to [5] this is the 
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hyperbolic space loop. 

The loops La for a G M have elementary models in the upper half space 
= {(a:, y, z) G > 0}, which may be identihed with the J-quaternion 
space (i, p. 4) such that the point j is the identity e of La- The elements 
of La are the points of the J-quaternion space. The 1-parameter subgroups 
through e E La have the same form for all loop La, but the sets exp nia differ. 
The multiplication in the loop a G M is given by 

X * y = {expX)y, for all x,y E La 
where X is the unique element of iria such that x = exp X. 

Summarizing our discussion we obtain 

Theorem 11. If L is a connected almost differentiable strongly left alter¬ 
native left A-loop with dimension 3 having a semisimple Lie group G as the 
group topologically generated by its left translations then G is isomorphic to 
PSL 2 {C) and the stabilizer H of e E L in G is isomorphic to SOs(M.) and 
L = La is characterized by a real parameter a. 

The loops La and L_a form a full isomorphism class, which is even a full 
isotopism class too. Among the loops La only the hyperbolic space loop Lq is 
a Bruck loop. This loop is realized on the hyperbolic symmetric space by the 
multiplication x ■ y = Te^xiy), where 'Is the hyperbolic translation moving 
e onto X. The tangent space mg for the manifold of the left translations of 
Lq is within the Lie algebra g of G orthogonal to the Lie algebra h. of H with 
respect to the Cartan-Killing form of g. 


3-dimensional left A-loops corresponding to 
4-dimensional non-solvable Lie groups 

In this section we determine all 3-dimensional connected almost differentiable 
global left A-loops L having a 4-dimensional non-solvable Lie group G as the 
group topologically generated by their left translations. Then the stabilizer 
H of e E L in G has dimension 1. 

In this case we have G = PS'L 2 (M) x G 2 , where G 2 is one of the 1-dimensional 
Lie groups, and H is one of the cases 2 and 3 in the Proposition 5. 

The Lie algebra g of G can be represented as g= 5 / 2 ( 1 ^) © IP- Let (P, 0), 
(T, 0), {U, 0) with K, T, U dehned in 1.2 be a real basis of 5 / 2 ( 1 ^) © {0} and 
let (0, Cl) be the generator of {0} © M. 

Lemma 12. The Lie algebra g is reductive with a 1-dimensional subalgebra 
h not contained in s/2(IP)©{0} and a 3-dimensional complementary subspace 
m generating g in one of the following cases: 

1) h. = {{K, Cl)), m^ = {{U, 0), (T, 0), {aK, (1 + a)ei)), where a E M\{ — 1} 


14 


2) h. = {{U + T, 2 ei)), rrif, = {{U + T, 0 ), {K, 0 ), (t/, 26 ei)), where b e IR\{ 0 } 
<?) h = {{U, ei)), nic = {{K, 0 ), (T, 0 ), {cU, (1 + c)ei)), where c e 

Proof. According to Proposition 5 we may assume that h has one of the 
shapes given in 1 till 3 . An arbitrary complement m to h in g has the shape 
in the case 1) 

m = {{U + aiA', oiCi), (T + 02A', 0261), {a^K, (1 + 03)61)) 
in the case 2) 

m = {{K + Oi(t/ + P), 20161), [U + 02(1/ 20261), (03(17 + T), 61 + 20361)) 

in the case 3 ) 

m = {[K + Oi 17, Oi 61), (T + 02 17, 02 61), (03 17, 61 + 03 61)), 
where 01,02,03 G M. From the fact that dim mfl (s/2(M) © { 0 }) = 2 (Lemma 
1) and from the property [h, m] C m follows the assertion. □ 

Proposition 13. The complement mg in the case 3) is the unique reductive 
subspace such that there are global left A-loops L^, n E N with mg = TiL„. 
These loops Ln are Scheerer extensions of the Lie group 5'02(R) by the hy¬ 
perbolic plane loop. 


Proof. For all o G M\{—1} the complement contains the elements 
ka = —{1 + d d‘^){U, 0) + (—1 + d + d‘^){T, 0) + 61 ), for which 

Adg{ka) = (77, 61 ) holds with (77, 61 ) G h and g = T ^ 1 ^ 


such that d = 


This is a contradiction to Lemma 2. 


2(l+a) • 

Now we deal with the complement m^- If 7 > 0 then for the elements 
kb = (77 + U, 2bei) G mj, are satisfied Adg{kb) = b{U + T, 26i), where 

2b 


b{U + T, 26i) G h and g = ± 


1 

715 



G G. This contradicts 


Lemma 2. 

For 7 < 0 the subspace m^, contains the vectors 


Vi = (—37r7(17 + T), 0), V 2 = {VbiPK + Snll, 67 ibei). 


According to 1.2 the exponential images of the vectors vi and V 2 are 

1 —67r7 

mi = exp vi = 


0 


,0 


and 

m 2 = expt ;2 = (±7, 67r7), 

where ±7 is the identity of PSL 2 {M.). One has (±7, 67 r 7 ) = mi ■ hi = m 2 , 
671 b \ ^ jg contradiction to Lemma 2. 


where hi = 


0 


Finally we consider the reductive complements nic. For c < —1 and for the 
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elements 


m.. 


(T,0) + {^^U,e,)€ 

we obtain Adg{kc) = (17, ei), where (17, ei) G h and = ( ± 


i 0 

e 

0 e 


,0 


G G, choosing e such that This is a contradiction to Lemma 2. 

If c > —1 but c 7 ^ 0 the subspace nic contains the vectors 

ui = {kU, 


and 


V2 = 


/ ( fc2(l+c-Tic)2 _ A 2\t -L H^+c-nc) jj 

(l+c)2 UTT U, 


/c(l+c—nc) 


ei 


According to 1.2 the images of ui,U 2 under the exponential map have the 
forms: 

cos k sin k 
- sin k cos k 


mi = exp Ui = ± 


fc(l+c) • A;(l+c) 

COS —- sm —- 

fc(l+c) fc(l+c) 

— sm —- cos —- 

c c 


and 


For 


m 2 = exp V 2 = ±7, 


cos 


k{l+c—nc) 


sm 


k{l+c—nc) 


k(l+c—nc) k(l+c—nc) 

— sm - - cos - - 


1 ? = ± 7 , 


COS 


k{l-\-c—nc) 


sm 


k{l-\-c—nc) 


• k{l-\-c—nc) k{l-\-c—nc) 

— sm - - COS - - 

c c 


G G, 


where fc G Z such that k > and ±7 is the identity of PS'L 2 (M), 

one has g = mi ■ hi = m 2 such that 

cos k — sin k \ f cos nk — sin nk 
sin k cos k J ' y sin nk cos nk 

This again contradicts Lemma 2. 

For c = 0 the complement riic has the shape: mo = ((77, 0), (T, 0), (0, Ci)). 
Since [[mg, mo], mo] C mo the loops L with the property TiL = mo are 
global Bol loops. According to [S] we have a global Bol loop for all n G N 
having the direct product PSL 2 {R) x S' 02 (R) as the group topologically 
generated by its left translations and as the stabilizer 77 of e G in G the 
group Hn = {{x,x'^)\x G S'02(M),u G N}. The non-isotopic loops are 
Scheerer extensions of the Lie group S'02(M) by the hyperbolic plane loop 
(cf. [in]. Section 2). □ 




The loops Ln, n G N are homeomorphic to G/Hn, which is the cylinder 
X S^. Let L be the universal covering of L. Since L is homeomorphic 
to R^ the loop L contains a central subgroup isomorphic to Z. Moreover all 
other coverings of L is L/nZ. The universal covering group G of G is the 

group PSL 2 {M.) X R, which contains the central subgroup 7ri(G) = Z x Z. 
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The universal covering group H of H is the group {{x,nx)\x G M,n G N}, 
which is isomorphic to R. The group G* topologically generated by the left 
translations of L is the covering group G/{{z,nz)\z G Z,n G N} and the 
stabilizer of the identity of L is the group HiiiiG)/niiG). 

Summarizing our discussion we have: 

Theorem 14. There are precisely three classes C\, and C 3 of connected 
strongly left alternative almost differentiable left A-loops with dimension 3 
such that the group G topologically generated by their left translations is a 
4-dimensional non-solvable Lie group. 

The class C\ consists of left A-loops L such that the group G topologically 
generated by their left translations is isomorphic to PSL 2 {Mf) x R and the 
stabilizer of the identity of these loops is isomorphic to S'02(1R) x {0}. Every 
loop in C\ is a product of a 2-dimensional loop isomorphic to the hyperbolic 
plane loop with the Lie group R. These loops are not isotopic. The only 
differentiable Bruck loop in C\ corresponds to the section a : GjH —)■ G such 
that a{G/H) = Mi x S'02(R), where Mi is the image of the section of the 
hyperbolic plane. 

In the class C 2 are the products of a 2-dimensional loop isomorphic to the 
hyperbolic plane loop with the Lie group S'02(R)- These loops are not isotopic 
and the group G topologically generated by their left translations is isomorphic 
to PS'L 2 (R) X S'02(R) and the stabilizer of the identity of these loops is 
isomorphic to S' 02 ( 1 R) x {!}. /n C 2 there is again precisely one differentiable 
Bruck loop L. The image of the section of L is the direct product of the image 
of the hyperbolic plane loop with the Lie group S'02(®)- 
In the class C 3 are contained the Scheerer extensions Ln, n G N 0 / the Lie 
group S' 02 (R) by the hyperbolic plane loop and the coverings of Ln. The 
group G topologically generated by the left translations of Ln is the direct 
product PSL 2 (M.) x S'02(1^) and the stabilizer H of e ^ Ln in G is the group 
Hn = {{x,x"'),x G S02(^),n G N}. 

The intersection of the classes C 2 and C 3 is the Bruck loop L. 


3-dimensional left A-loops belonging to 
5-dimensional non-solvable Lie gronps 

Now we determine the 3-dimensional connected almost differentiable global 
left A-loops having a 5-dimensional non-solvable Lie group G as the group 
topologically generated by the left translations of L. In this case the stabilizer 
of e G T in G is a 2-dimensional closed subgroup of G containing no non¬ 
trivial normal subgroup of G. Then because of Proposition 5 we have to 
investigate only the following case: 
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G is locally isomorphic to the semi-direct product PSL 2 {M.) k which is 
the connected component of the group for area preserving affinities of R^. 


For the Lie algebra g = s/ 2 (R) k R^ of G we can choose the following basis 
elements: 


K 


0 0 0 \ 

0 1 0 , T 

0 0 - 1 / 


0 

0 

0 \ 

f ° 

0 

0 \ 

0 

0 

1 \,u = 

0 

0 

1 

0 

1 

0 / 

1 0 

-1 

0 / 


ei = 


0 1 0 
0 0 0 
0 0 0 



The multiplication table is given by: 

[iF,ei] = [T,e 2 ] = -[ 17 , 62 ] = -2 d, [iF, 62 ] 
[ 61 , 62 ] = 0, [K,T] = 2U, [K,U]-- 


0 0 1 \ 

0 0 0 . 
0 0 0 / 

= -[U,e^] = 
2T, [U,T] 


[T, 6 i] = 2 62 , 

2 K. 


Lemma 15. The Lie algebra g = s/ 2 (R) xR^ is reductive with a subalgebra h 
which does not contain any ideal 7 ^ 0 o/g and a 3-dimensional complementary 
subspace m generating g in the following case h = {K, 61 ) and 
m = ( 62 , U + bei,T — bei), where 6 G R. 


Proof. The 2-dimensional Lie algebras h of g, which does not contain any 
ideal 7 ^ 0 of g (up to mapping Adg, g E G) are hi = {K, U — T), h 2 = {K, 61 ), 
hs = (17 — T, 61 ). We have for a complement m to hi in g the general form: 
m = (61 + aiK + 02(17 - T), 62 + b^K + 62(17 - T), 17 + CiiF + 62(17 - T)). 
A complement m to h 2 in g we can write in the following form: 

m = (62 aiK + 0261 , U + biK + 6261 , T -1- ciK + 6261 ). 

An arbitrary complement m to hs in g can be given as follows: 
m = (62 + aiifJ -T) + 0261 , K + hi{U -T) + 6261 , U + ciifJ - T) + 6261 ). 
Here Oi, 02 , 61 , 62 , C 2 are real parameters. The assertion follows now from 
the property [h, m] C m. □ 

Proposition 16. There is no global left A-loop L corresponding to the re¬ 
ductive subspace m = ( 62 ,17 -|- 661 , T — 661 ), 6 G R. 

Proof. The element 62 G m is equal to Adg{ei), where 61 G h and g = 
(I 0 0 \ 

10 0 1 G G. This is a contradiction to Lemma 2. □ 

Vo -1 0 ; 

This consideration yields the following 


Theorem 17. There is no 3-dimensional connected almost differentiable 
global left A-loop L having a 5-dimensional non-solvable Lie group as the 
group topologically generated by its left translations. 
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3-dimensional left A-loops with 
6 -dimensional non-solvable Lie groups 

Now we determine all 3-dimensional connected almost differentiable left A- 

loops such that the group G topologically generated by their left translations 

is a non-semisimple and non-solvable Lie group. According to Lemma 4 and 

Propositions 5 we have to discuss the following cases 

a) G is locally isomorphic to PSL 2 {M.) ix 

/9) G is the group for orientation preserving affinities of 

7 ) G is locally isomorphic to S' 03 (R) k which is the connected component 

of the euclidean motion group of 

In the case a) the group multiplication in G is given by 

(Ai,Ai)o(A 2,A2) = (Ai A2, Ai A2 + X2), 

where {Ai,Xi), i = 1,2 are two elements of G such that Xi [i = 1 , 2 ) are 
represented by (2 x 2 ) real matrices with trace 0 . 

A basis of the Lie algebra g = 5 / 2 ( 1 ^) x of G can be chosen as follows: 



According to [lU] (p. 17 ) we obtain the following multiplication table in g; 
[^1,62] =: eg, [61,63] =: 65, [62,63] =: 64, [65,64] = —eg, 

[61,64] = [61,65] = [61, 6g] = [62,65] = [63, 6g] = [65,65] = 0, 

[62, 6g] = [63,65] = —61, [62,64] = 63, [63,64] = —62, [65,64] = 65. 

Lemma 18 . The Lie algebra g = s/2(R) x R^ is reductive with a subalge¬ 
bra h containing no non-zero ideal of g and a 3 -dimensional complementary 
subspace m generating g in one of the following cases: 

(i) h = (61, 62, 65) and nib^^bs = (65, 63 - &361 - 6265, 64 -l- &261 6365), where 

^ 2 ) ^3 ^ 

(a) h = (62, 63, 64) and m^ = (61 - 1 - 064, 65 — 063, 65 -f 062), where a G R\{ 0 }. 
(in) h = (64,65,65) and = (61, 62 + &165-t-6265, 63 - 6265 + &165), where 

bi, 62 e R. 

Proof. The 3 -dimensional subalgebras h of g, which does not contain any 
non zero-ideal are the following: 

a) (62, 65, 61 -|- 65), 

b) (62 -1- fc 65, 61, 65), where fc G R, 

c) (63 -|-64, 65, 61—65), 
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d) (e2, 63 + 64, 61 — 66), 

e) (62, 63, 64), 

f) ( 64 ) 65, 65)• 

In the case a) the basis elements of an arbitrary complement m to h in g 
are: 

/i = 61 + 0162 + 0265 + 03(61 + 65) , /2 = 64 + 6162 + 6265 + h ‘ i{ei + 65), 

/s = 63 + 6162 + 6265 + 63(61 + 65), 
with ai, 02, 03, 61, 62, &3, Cl, 62, 63 e M. 

If h = (c2 + /c 65, Cl, Ce) with /c G M then an arbitrary complement m to h 
has as basis elements: 

/i = 65 + 01(62 + ke ^) + O2C1 + O3C6, /2 = 63 + Ci(c2 + ke ^) + C2C1 + 6365, 

/3 = 64 + &i(c2 + ke ^) + 6261 + 
where Oi, 02, 03, 61, &2, Ci, 62, 63 are real parameters. 

In the case c) we can choose as basis elements of an arbitrary complement 
m to h the following: 

/i = 61 + 01(63 + 64) + O2C5 + 03(61 — 65), 

/2 = 62 + &l(c3 + 64) + 6265 + &3(ei — 65), 

/s = 63 + Ci(c3 + 64) + C2C5 + 63(61 — Ce), 

where Oi, 02, 03, &i, 62, &3, Ci, 62, 63 G R. 

In the case d) the generators of an arbitrary complement m to h in g are: 

/l = Cl + O1C2 + 02(63 + 64) + 03(61 — 65), 

/2 = 65 + &1C2 + ^2(63 + 64) + 63(61 — 65), 

/s = 63 + C1C2 + 62(63 + 64) + 63(61 — Ce), 

with the real parameters oi, 02, 03, 61, 62, 63, ci, 62, 63. 

In the case e) one has h = s/2(R). An arbitrary complement m to h has the 
form 

(Ci + 0162 + 0263 + 0364, 65 + 6162 + 6263 + 6364, 65 + 6462 + 6263 + 6364), 

with ai, 02, 03, 61, 62, 63, Cl, 62, 63 G R. 

Now we consider the last case. An arbitrary complement m to h in g has 
the following basis elements: 

{ci + 0464 + 0265 + 0365, 62 + 6464 + 6265 + 6365, 63 + 6464 + 6265 + 6365}, 

where 01,02,03,61,62,63,61,62,63 G R. Using the relation [h, m] C m we 
obtain the assertion. □ 

Proposition 19. There is no global left A-loop L belonging to the reductive 
subspaces (i) and (ii) in Lemma 18. 

Proof. The element 65 G m in the case (i) is equal to Adg^ee), such that ce G h 
and g = ^ | | ^ , 0 ^ G G. The element Cq — 063 + 64 + 064 G nia in 

the case (ii) for all o G R\{ 0 } is equal to Adg{a{e4 — 63)) with 0(64 — 63) G h 
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and g 



G G. These facts contradict Lemma 2. 


□ 


Now we deal with the case (iii) in Lemma 18. Since the group SL 2 \ 
has no 3-dimensional linear representation the group G is isomorphic to the 
semidirect product of PS'L 2 (M) k and H is isomorphic to the following 
3-dimensional subgroup of G: 

cost sinf \ f —X y 


H = 


± 


— sin t cos t 


y X 


,t e [ 0 , 27 r),x,y e 


Now we determine the isomorphism classes and the isotopism classes of the 
left A-loops having the subspaces ^ 1®) as the tangent 

spaces 

We have precisely two isomorphism classes Ci {i = 1,2) of the loops 
belonging to the triples (G, H, exp all 6 i, &2 £ K- 

The hrst class Ci consists loops belonging to for 62 = 0. Denote by 

ihbj the complement rrib^o for all 61 G R. One has [mb^,ihbj = h and 
g = liibj © [mbj,mbj] for all bi G R. Every loop fo Ci is a Bruck loop 
and as a representative of this class we may choose the loop Lq = Lo,o- Ac¬ 
cording to [5] the loop Lq is a global differentiable Bruck loop, which is called 
the pseudo-euclidean space loop. 

The other class C 2 consists of loops having TiLbi,b 2 = ^bi,b 2 for ^2 7 ^ 0. 
Since the automorphism /3 of the Lie algebra g dehned by 
13 (ei) = + (P ei, 

(ee) = -d 65 + c 66 , 

(3 ( 65 ) = c 65 + d 66 , 

13 (64) = 64, 


P (^ 2 ) — 


d 


VP 


d2 


62 


VP + (P 


63- cbi ee + dbi 65, 


c d 

^ *^^3) = / „ 63 + , ^ 62 - d 61 66 -Cbi 65, 

VP + VP + d^ 

where eVP + d^ = — with 6 = 1 for 62 > 0 and 6 = —1 for 62 < 0, leaves 
02 

the subalgebra h invariant and / 9 (mbi,b 2 ) = mop for all 64 G R, fo ^ ®\{0} 
holds, we may choose the loop Li = Lo,i as a representative of the class C 2 . 
Since there is no G G such that = nib'^o holds with 61,64 G R, 

62 e R\{0} the isotopism classes of the left A-loops Lb^,b 2 coincide with the 
isomorphism classes Ci, C 2 . 

Now we prove that Li = Lo,i is a global left A-loop. 

The exponential map exp : g —)■ G is described in section 7 in [J]. 

The image of mo,i under the exponential map is given as follows: The sub¬ 
space mo,i has the shape 
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mo,i = 


—Ai — A3 

A 2 


A2 A3 

A 3 —A 2 

According to 1.2 the first component of exp mo, 1 is 

sinh \fA 


— A 2 
Al — A 3 


; Al, A2, A3 G 


± 


cosh \/A + ^ii^A 2 


sinh 


vA 


#A3 


cosh \/A - ^ii^A 2 


the second component of exp mo,i is 


r'(l) s'(l) 

n'(l) —r'(l) 


where 


r'(l) = ^ 


-\/A\2 


r-A2, 


s'(l) = - e-2^) - - e-^)^ - A 3 , 

^ ’ 4\/A ^ 4A ^ 


v\l) = 


Al 

4\/A 


(e2^/^ - e-2^) 


A 2 A 1 .73 p-VA^2 

-e ) - A 3 , 


and A = A| + A 3 . 

The submanifold exp mo,i is the image of a sharply transitive global section 
a \ GjH ^ G \i and only if each element g & G can be uniquely written as a 
product g = mh with m G exp mo,i and h ^ H, moreover exp mo,i operates 
sharply transitively on G/H. 

In [S] section 7 we have shown that each element of G = PSL 2 {M.) can be 
uniquely written as 

a h \ f X y 


Oi 0 


± 

0 u 
—u 0 


c d 


± 


Z —X 

cos t sin t 
— sin t cos t 


k I 
I -k 


bi ^ 

with a, b,c,d G M, ad — be = 1, x,y,z G M, Oi > 0, 61 G M, t G [0, 27r), such 

Therefore it is sufficient to prove that 


, , , y + z y — z 

that k = x,l = —r—= 


2 ’ 2 
there is to each element g ^ G with the shape 


a 0 




0 u 
—u 0 


; a > 0, 6, M G 


precisely one m G exp mo,i and h E H such that g = m h or equivalently 
m = g h~^. 

The first component of exp mo,i is precisely the section cxi of the hyperbolic 
plane loop given in [16] (pp. 281-282). Therefore for given a > 0,6 G M we 
have unique A 2 , A 3 G M, f G [0, 27r) such that 
cosh ^^A + ^ii^As 

^is^A 3 cosh ^/A - ^i^^A 2 
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a 0 \ / cost sint 
b a~^ J y — sint cost 

where A = + Ag. Hence we have to consider the second component of 

exp mo,i. For given u, A 2 , A 3 we have to hnd unique Ai, /c, / G M such that 


r'(l) s'(l) 

—r'(l) 


k I + u 
I — u —k 


where r'(l), s'(l), n'(l) are values of functions, which depend on the variables 
-^ 1 ; -^ 2 , A 3 . Since for Ai we obtain the equation 

9/ti = __ (p‘^\/^2+^3 — p-2i/A2+A|') 

' o ^ / 


2a/ A 2 + A| 
we have for the unique solutions Ai = 


I = 




—4ma/A| + A| 

32 a/A|+a| _ g-2-y/A|+A: 


, k = r'(l), 


Now we verify that the section ai corresponding to the loop Li is sharply 
transitive, this means that for given elements 


Oi 0 

bi 


0 Ui 

—Ml 0 


and 


02 0 


-1 


0 U 2 

-U2 0 


where Oi > 0,02 > 0 , 61 , 62 , "Oi, M 2 ^ ® there exists precisely one element 


2 ; G exp mo,i and a h = I ± 


cos t sin t 
— sin t cos t 


k I 
I -k 


G H, where 


t, /c, / G M such that the equation 
(I) . ^ 0 


02 0 


-1 


bi Og ^ 
0 M2 
-M2 0 


± 


0 Ml 
—Ml 0 
cos t sin t 
— sin t cos t 


k I 
I -k 


holds. The real variables Ai,A 2 ,A 3 of 2 : G exp mop are determined by the 
following equations 


sinh a/H /, 

V 


Oi 


/ 


A2 ( Oi H—^ ) + A3 ' bi + 


& 2 O 2 

Oi 


+ 


cosh a/H ( Oi-^ ] =0 

' Oi ' 


2 . 


3. 


sinh a/H / 


yA V 


As 


V 

&202 

Oi 


— &i ) + A 3 


ij + bl 

Oi 


+ 


cosh a/H i bi — 


& 2 O 2 

di 


= 0 


2(m 2 — Ml) + A3(6g — Og + O]^ ^) + 2ai&iA2 — 
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e-2^) + 


4A 

|^ A2(ai - &i - ai^) + 2A36iai ^ _ ^- 73^2 
where A = A 2 + A|. 

If z is an element of mo^o in fhe equation (I) then we obtain for the variables 
Ai, A 2 , A 3 of z G exp mo,o the above equations 1 , 2 , and the equation 

2(m 2 - Ml) = + 


3’. 


^ _ 4A 

/ A2(ai — bf — A 2 A 36 iaiA , ^ 

' V ^ J "" 






The equations 1, 2, 3’, have unique solutions because (Tq is a sharply transi¬ 
tive section. Therefore the equations 1, 2, 3, are also uniquely solvable for 
the variables Ai, A 2 , A 3 . Hence the sharply transitive global section ui yields 
also a global loop Li(ai), which is a proper left A-loop. 

An elementary model of the loop Li may be given on the set T of the eu¬ 
clidean planes in the pseudo-euclidean affine space (cf. [7]). The elements 
of the loops Li are the same as the elements of Lq (0), but the sets of the 
left translations exp mo,i respectively exp mo,o and hence the multiplication 
of these two loops differ. The multiplication in the loop Li is given by 
(**) Qi*Q 2 = Tp,Qi{Q 2 ), for all ( 5 i,Q 2 e T, 

where tp^q^ is the unique element of exp mo,i mapping the plane P, which is 
the identity of Li onto Qi. 

In the case /3) the Lie algebra g of the group G has a real basis 
000\ /000\ /OOO 

63 = 0 0 0 


ei = 


64 = 



62 = 


65 = 



66 = 


0 1 0 
0 0 1 
0 0 0 
0 0 0 


The multiplication is given by the following rules: 

[61,62] = [62,64] = 62, [61,63] = [63,64] = —63, [61,65] = [63,65] = 

[61,66] = [61,64] = [62,66] = [63,65] = [64,65] = [65,65] = 0, 
[62, 63] = 61 — 64, [62, 65] = [64, 65] = —66. 


” 65 , 


Lemma 20. The Lie algebra g is reductive with a subalgebra h contain¬ 
ing no non-zero ideal of g and a 3-dimensional complementary subspace m 
generating g in the following case: h = (61, 64, 65) and m = (62, 63, 66). 

Proof. The 3-dimensional subalgebras h, which does not contain any ideal 
7 ^ 0 of g are 
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a) h = (d - 64 , 62 , 63 ) 

b) h = (61,62,64) 

c) h = (61,64,65) 

d) h = (61 + 64,63,65) 

e) h = (63,64,65) 

f) h = (61 - 64,63,65). 

The basis elements of an arbitrary complement m to h in g in the case a) 
are: 

61 + ai(6i - 64) + 0262 + 0363, 65 + 61(61 - 64) + 6262 + 6363, 

66 + Cl (61 - 64) + 6262 + C3C3, 

where ai, 02, 03, 61, 62, 63, Ci, 62, 63 are real parameters. 

In the case b) an arbitrary complement m to h in g has the following shape: 
m = (63 + OiCi + 0-262 + ^ 364 , 65 + 6161 + 6262 + 6364 , 

66 + CiCi + C2C2 + C3C4), 

with the real numbers Oi, 02, 03, 61, 62, 63, Ci, 62, 63 G M. 

In the case c) an arbitrary complement m to h in g has as generators: 

{/l = 62 + OiCi + 0264 + 0365, /2 = 63 + 6161 + 6264 + 6365, 

/s = 66 + 6461 + 6264 + 6365}, 

where Oi, 02, 03, 61, 62, 63, Ci, 62, 63 G R. 

In the case d) the basis elements of an arbitrary complement m to h in g 
are: 

61 + Oi(ei + 64) + 0263 + 0365, 62 + 61(61 + 64) + 6263 + 6365, 

66 + Ci(ei + 64) + 6263 + 6365, 

with the real parameters oi, 02, 03, 61, 62, 63, Ci, 62, 63. 

In the case e) an arbitrary complement m to h in g is given by: 

(ei + 0163 + 0264 + 0365, 62 + 61C3 + 62C4 + 63C5, 66 + Cl63 + C2C4 + C3C5), 
with oi, 02, 03, 61, 62, 63, Cl, 62, 63 G R. 

In the last case f) for the basis elements of an arbitrary complement m to h 
in g one has: 

Cl + Oi(ci - 64) + O2C3 + O3C5, 62 + 61 (ci - 64) + 62C3 + 63C5, 

66 + Ci(ci — 64) + C2C3 + C3C5, 

where Oi, 02, 03, 61, 62, 63, Ci, 62, 63 are real numbers. The assertion follows 
from the property [h, m] C m. □ 

Proposition 21. There is no global left A-loop L having the reductive sub¬ 
space m = (62, 63, cq) as the tangent space TiL. 


Proof. The subspace m contains the element 62 + 63, which is equal to 


Adg{ei — 64), where Ci — 64 G h and g 
contradiction to Lemma 2. 


1 

0 

0 


0 0 
1 I 
-1 I 


G G. This is a 
□ 
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Now we consider the case that G is locally isomorphic to S'03(M) x This 
group can be represented by the pairs of complex (2 x 2)-matrices 

a,b E C,aa + bb = 1 , k,l,n G M. Here a denotes the complex conjugate of 
a G C. The group multiplication is given by the rule 

[Ai^Xi) o (H2, X2) = {Ai H2, A2 ^ Xi A2 + X2). 

Any 3 -dimensional subgroup H oi G = S'(93(M) x which contains no 
non-trivial normal subgroup of G, is locally isomorphic either to a semidirect 
product of a 2-dimensional translation group by a 1-dimensional rotation 
group S'02(M) or to the subgroup {(a, 0 ),a G S'03(M)}. The hrst possibility 
cannot occur since the factor space GjH \s the topological product having 
as a factor the 2-sphere which is not parallelizable. 

Now we deal with the second possibility for H. 

Lemma 22 . For all a G K\{ 0 } there is a reductive complement 
m, = (Hi + aZ, V2 + aY, V3 - aX) 
to the Lie algebra h2 of H2 generating g = S03(M) x 

Proof. Denote by X, Y, Z the generators correspond to 1 -dimensional rota¬ 
tions and let V3, V2, Vi be the axes of the rotation groups corresponding to 
X, Y respectively Z. We can identify the basis elements of g with the fol¬ 
lowing matrices: 



According to [ID] (p- 17 ) the multiplication table of g = SU2{C) x is given 
by: 

[X, F] = Z, [Z, X] = F, [F, F] = X, [X, Fi] = [F, F3] = -F2, 

[X, F2] = [F, F3] = Fi, [F, F2] = -[F, Fi] = F3, 

[X, ^3] = = [V 7 , F2] = [Fi, F3] = [F2, F3] = [F, Fi] = 0 . 

The Lie algebra h2 of H2 has as generators X,Y, Z. An arbitrary comple¬ 
ment m to h2 in g has the following shape: 

m = (Fi + aX + 6F + cF, V2 + dX + eY + fZ, V3 + gX + hY + iZ), 
where a, b, c, d, e, f, g,h,i ^ IR- The subspace m satisfies the condition 
[h2, m] C m if and only if m has the following form: 

m^j = (Fi -|- aF, F2 -(- oF, V3 — aX), 

where a G R\{ 0 }. □ 

Using the automorphism 93 of g having the form: 
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■fiK) = 

= -i >^ 3 , 

^(X) = -X, 

^(Y) = -i y + f z, 

¥>(z) = #y + iz, 

for all a E ®\{ 0 } we have v^(h) = h and (p{m.a) = mi- Therefore the 
local loops La having TiLa = iria form an isomorphism class C and as a 
representative of C can be chosen the local loop Li belonging to mi. 

Proposition 23 . The local loop Li is not a global left A-loop. 


Proof. The exponential map exp : g —)■ G is given by the following way: For 
X G g we have expX = nx(l), where vx(t) is the 1-parameter subgroup of 
G with the property |^_o'^x(^) = X. In the 1 -parameter subgroup a{t) = 
{/ 3 (t),'y(t)) of G with the conditions 

a{t = 0 ) = ( 1 , 0 ) and ft\^^Qa{t) = (Xi,X2) = X e g 
the hrst component / 3 (t) is the 1-parameter subgroup of 5'03(M) and the 
second component 'y(t) satishes 


d 


d 


d 


d 


d 


lT 7 (t) = w- ..=Mt + s) = ,,M^h{t)+^it)— Ms) + — „ 7 ( 5 ) = 


dt 


ds 


ds 


ds 


ds 


-Xi 7 (t)+ 7 (t)Xi+X 2 . 


For Xi = 

7 (t) = 


X2 = 


A5 X/p, -\- Ag 
— X/p, -|- Ag “Ag 


Aii A2i — A3 
—X2i + A 3 —Ali 

r{t) v{f)i + s{f) \ \ \ \ \ \ \ 

-v(t)i + s(t) -r(t) ) ’ ^ 

get the following inhomogen system of linear differential equations: 


6 e 


and 


we 


/ rif) \ 

sit) + 

\ v{t) ) 

with the following initial conditions: 

r(0) = s(0) = ^(O) = 0, = ^5, ^li=o^W = ^6, ^li=o^W = ^4- 

The solution of this inhomogeneous system is: 

— e^^**)(A 5 Ai -|- AgA^ — AgA 3 A 2 + A 4 A 1 A 2 )] 

Gt) - 

[■('gZit _ _ y^yg) + t(4A4AiA2 — 4AgA3A2 — 4AgA2)] 

M ’ 



/ Tit) \ ( 0 - 2 Ai -2A3 \ 

- sit) = 2Ai 0 2A2 

V <t) J \ 2A3 -2A2 0 J 
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_ g + A4A1A3) 

4/3 


s{t) = 

— e (A4A2 + A5A1) + t(4A4AiA3 — 4A5A3A2 — 4 A 6 A|)] 

4/2 

— e ^^**)(A4A3 + A4A2 + A5A1A2 + AeAiA3) 

[■('gilt _ (A5A3 — A6A2) + t(4A5AiA2 + 4A6A3A1 — 4A4Af)] 

4/2 

where / = a/A^ + A2 + A|. Since mi has the form 


mi = 



—ci —a + hi 
a + hi ci 


—c ai + b 
—ai + b c 


;a,b,cE 

according to 1.2 (Section 1) the first component of exp mi is 


(expmi)i = 


cos 


Vk 

(a+bi) sin \/k 
y/k 


1 y/k 


COS 


{—a+hi) sin y/k 
y/k 

ci sin y/k 


y/k 


the second component of exp mi has the shape 

r(l) r?(l)i + 5(1) 


(exp mi) 2 = 


where 


+ s(l) 


-r(l) 


r(l) = —c(e'^* — e ^^*)2^ s(l) = /i(e^^* — e ^^*)2^ ■y(l) = a(e^^* — e ^^*)2^ 
and k = h-b"^ + c^. 

From the equation g = tl, 


^ — y/ki\2 


— k( c> 


— y/ki\2 


— n( 


-,—y/ki\2 



0 fi 
-fi 0 

with / 7^ 0 one has h = (exp mi)]"^. This means that 

0 fi 
-fi 0 

, . I —(e^* — (e^* — e“^*)^(a/+/>) 

(expmiji ( ^-ki \2 


= ((expmi)i, (expmi)2)(/i,0) 


j-gfci _ g fc*'\ 2 g 


(gfct _ g ki'^2^_^^ _|_ 

where A; = y/b"^ + . Henc e we obtain 

_g^gVa^+b^+c^* _ g—\/a^+ 6 ^+c ^*^2 _ g ^^gVa^+fe^+c^* ^ 

^^gF<?TP+c?i _ g-v'a^+^)^+c ^*^2 _ g 

Therefore we may assume that c = /> = 0. Then we have 


(expmi)i\ 
—\/a^+fe^+c^i^2 _ y 


a ( e '^* — e '^*)2 = / or a(sinh yfafi)"^ = —a(sin \/^)^ = 

Since the function a; —a;(sin is not injective, there exist different real 

numbers Oi, 02 with the properties sin (a/^) 7^ sin (y^) but ai(sin y/a^y = 



a 2 (sinA/^)^. Hence g can be written in different way as a product of an 
element in exp mi and an element of H which contradicts Lemma 2. □ 

From the above discussion we obtain: 


Theorem 24. There is only one class C of the 3-dimensional connected 
almost differentiable left A-loops L such that the group G topologically gen¬ 
erated by the left translations is a 6-dimensional non semisimple and non- 
solvable Lie group. The group G is isomorphic to the semidirect product 
PSL 2 {M.) >< where the action of PSL 2 {M.) on is the adjoint action of 
PSL 2 (M.) on its Lie algebra, and the stabilizer of the identity of the loops in 
C is the 3-dimensional subgroup of G 


± 


cost 
— sint 


sint 

cost 


-X 

y 


y 

X 


;t e [0,2TT),x,y G 


The loops in the class C can be characterized by two real parameters a, b and 
form precisely two isomorphism classes which coincide the isotopism classes. 
The one isomorphism class containing the Bruck loops Li,^^, bi E M. has as 
a representative the pseudo-euclidean space loop Lq q = Lq. As a represen¬ 
tative of the other isomorphism class consisting of left A-loops 
62 7 ^ 0 may be chosen the loop Lq i = Li. The loops Lq and Li are realized 
on the pseudo-euclidean affine space E{2,1). The elements of these loops 
are the planes on which the euclidean metric is induced but the sets of left 
translations differ. 
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